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Why should we expect a city to cure us of our spiritual pains? Perhaps 
because we cannot help, loving our city like a family. But we still have 
to decide which part of the city we love and invent the reasons why. 

Orhan Pamuk, Istanbul: memories and the city. 



Abstract 

We discuss computations of the Thorn polynomials of singularity classes 
of maps in the basis of Schur functions. We survey the known results 
about the bound on the length and a rectangle containment for parti- 
tions appearing in such Schur function expansions. We describe several 
recursions for the coefficients. For some singularities, we give old and new 
computations of their Thorn polynomials. 



1 Introduction 

A prototype of the formulas considered in the present paper, is the following 
classical result. Let / : M — > N be a holomorphic, surjective map of compact 
Riemann surfaces. For x € M, we set 

e x :— number of branches of / at x. 
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Then the ramification divisor of / is equal to 

The Riemann-Hurwitz formula asserts that 

ie* - 1) = MM) - 2 - deg(f)(2g(N) - 2) . (1) 

(See, e.g., [2].) The right-hand side of Eq.([T]) can be rewritten as 

f* Cl (N) - ci(M) , 

and gives us the Thorn polynomial of the singularity A\ of maps between curves. 

In general, according to the monograph 1, the global behavior of singular- 
ities of maps / : M — > N of complex analytic manifolds, is governed by their 
Thorn polynomials. Knowing the Thorn polynomial of a singularity class E, one 
can compute the cohomology class represented by the E-points of a map /. We 
shall recall the definition of a Thorn polynomial in Section [31 

The term "Thorn polynomial" has nowadays rather wide meaning. In the 
present paper, however, it will mean a classical Thorn polynomial of the singu- 
larity classes of maps (cf . [40] ) . We shall work here with complex manifoldso. 

An explicit computation of a Thorn polynomial is usually a difficult task. 
At first, the computations of Thorn polynomials were performed in the basis 
of monomials in the Chern classes. But around 2004, two papers: [5] and 
[3T] appeared independently, with computations of some Thorn polynomials in 
the basis of Schur functions. (The two papers concerned different singularity 
classes.) One should stress that even with a powerful theory of symmetric 
functions from [5^ and [T7], a passage from the monomial basis to the Schur 
basis is rather difficult: it is possible "in theory" but it is rather difficult in 
practice (of course, we speak here about "large" expressions). 

It is, by no means, reasonable to ask why to work with Schur function 
expansions? One of the aims of the present paper is (to try) to answer this 
question. Of course, an important role of Schur functions in geometry was known 
earlier, e.g., by the Schubert Calculus (see also [IB], [25], [TU] - to mention just 
a few references). The latter reference gives a wide geometric motivation of the 
importance and ubiquity of Schur functions in algebraic geometry. 

A basic property of Schur function expansions of Thorn polynomials is the 
nonnegativity of the coefficients proved by Andrzej Weber and the second named 
author in [35] (see also [36 ). These positive coefficients often have a pleasant 
algebraic structure, e.g., satisfy some recursions. This allow one to organize the 
computations of them in a pretty systematic way. Among these coefficients, 
we find numbers appearing in different contexts in enumerative geometry, e.g., 
complete quadrics (see [32]). More, as it follows from a recent paper [22], the 
positivity of the coefficients of Schur function expansions of classical Thorn 
polynomials leads to upper bounds for the coefficients of Legendrian Thom 
polynomials expanded in an appropriate basis. 

1 A manifold here is always smooth. 

2 Even the word "explicit" has different meanings for different authors working on Thom 
polynomials. 
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Another feature comes from the fact that Thorn polynomials are closely 
related with degeneracy loci of the cotangent map 

/* : T*N M ->• T*M 

(by T*Nm we denote the cotangent bundle of N pull backed by / to M). Poly- 
nomials supported on such degeneracy loci were described using Schur functions 
in [28) ; this helps to study the Schur function expansions of Thorn polynomials 
of other singularity classes. 

In the present article, we survey basically only those papers, where the Schur 
function expansions of Thorn polynomials play a significant role in the process 
of their computations or/and help in understanding their structure. 

In [5], the authors computed the Thorn polynomial of the second order 
Thom-Boardman singularity classes 

. jVf™ N m-i+l 

via its Schur function expansion, and conjectured the positivity of Schur function 
expansion for all Thom-Boardman singularity classes. 

In [31], the second author stated some formulas for Thorn polynomials of 
singularities 12,2,^3 : M m — >■ N m+k (any k) and some partial result for Aj : 
M m ->• N m+k (any i,k). These expressions had the form of Schur function 
expansions. The details were given in [32], and [33]. In Sections [7] and [5] 
we discuss some essential computations from these papers. 

In [25], [23], the first author computed Schur function expansions for A4 : 
M m -> N m+k (k = 2,3) and III 2 , 3 : M m -> N m+k (any k). 

This paper is organized as follows. 

In Section [2] we recall the definition and properties of Schur functions, in- 
cluding: cancellation-, vanishing-, basis- , and factorization property. 

In Section [5] we recall the notion of a singularity class, and, following Thorn 
[10], attach to a singularity class its Thorn polynomial. 

In Section 01 we discuss the "P-ideals of singularity classes. From the struc- 
ture of the V- ideal of E 1 , we deduce some result on a rectangle containment for 
partitions appearing in the Schur function expansion of a Thorn polynomial of 
£ C T> (Theorem [T3J). 

In Section [5] We discuss a way of computing of Thorn polynomials of the 
closures of single R-L orbits in a space of jets of maps: (C*,0) — > (C* +fc ,0), 
called there "singularities" after [37] . This is a "method of restriction equations" 
that we learned from [57] . 

In Section [Bl we collect formulas for the Chern and Euler classes of singu- 
larities, and show by an example, how one can compute them. 

In Section [7J we state some general properties of the Schur function expan- 
sions of Thorn polynomials of singularities. Theorem [T3J is reinterpreted for 
singularities. We discuss the Thorn polynomial of JZfz 3 f° r anv k. For any i, k, 
we give the 1-part of the Thorn polynomial of A . We discuss also recent results 
of Feher and Rimanyi [7] giving a bound on the lengths of partitions appearing 
in Schur function expansions, and certain basic recursion (on k). 

In Section [S] we recall Pascal staircases, and survey Schur function expan- 
sions of Thorn polynomials of ^2,2 and A3 from [32] and [19]. Their coefficients 
obey some (other) recursions on k. We provide details of two computations with 
extensive use of the algebra of Schur functions and multi-Schur functions. 
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In Section [§1 we discuss the Schur function expansions of the Thorn polyno- 
mials of 11/3,3. 

In Section [TU1 we discuss some properties of the Thorn polynomials of 7a,3- 
In the appendices ( Section ITT1 and rT2"l) . we give the Schur function expansions 
of the Thorn polynomials of 71/3,3 an d -^2,3 for several k. 

This is basically a survey paper. Some new material is gathered in the last 
four sections. We lectured on this material at IMPANGA seminars in Warsaw 
and Cracow. 

Acknowledgments We gratefully thank Alain Lascoux. He taught the second 
named author the Schur functions in 1979, and discussed with him the Schur 
function expansions of Thorn polynomials in 2004. This was the starting point 
of the project surveyed in the present paper. He also taught, in 2008, the 
first named author how to write clever algorithms for computations with Schur 
functions. 

We thank Maxim Kazarian for mailing us [12J . We are also grateful to 
Alexander Klyachko and Andrzej Weber for helpful discussions. Finally, we 
thank the referee whose comments led to the improvement of the exposition. 

A part of the present article was written during the stay of the second 
named author at RIMS in Kyoto, in March 2011. He thanks this institute, and 
especially Shigeru Mukai, for the warm welcome there. 

2 Schur functions 

The main reference for this section, for the conventions and notation, is [17] . 
This book studies (among others) multi-Schur functions which are a useful gen- 
eralization of Schur functions. We shall need them in this paper. But we start 
our discussion with Schur functions. 

For m € N, by an alphabet A of cardinality m we shall mean a finite set 
of indeterminates A = {ai, . . . , a m }. Sometimes, to point out the cardinality of 
an alphabet {ai, . . . , a m } we shall denote it by A m . 

We shall often identify an alphabet {ai , . . . , a m } with the sum ai + • — h a m . 

Definition 1 Given two alphabets A, B, the complete functions Sj(A-B) are 
defined by the generating series (with z an extra variable): 

^Si(A-B)^ :=H(l-bz)/l[(l-az). (2) 

b€B a<EA 

We see that Si (A — B) interpolates between S;(A) - the complete symmetric 
function of degree i in A and Si(— B) - the elementary symmetric function of 
degree i in B times (— 1)\ For example, S3 (A — B) is equal to 

S3 (A — B) = S 3 (A) - S 2 (A)A X (B) + Si(A)A 2 (B) - A 3 (B) , 

where Aj(B) denotes the i-ih elementary symmetric function in B. 

A weakly increasing sequence ■ ■ . , i s ) of nonnegative integers is called 

a partition. The number it divides into parts, |7| = i\ +i 2 H h i s , is called the 

weight of 7. The nonzero i p are called the parts of 7. The number of nonzero 
parts is called the length of 7. 
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Given two partitions I — (it, 12, . . ■ , i s ) and J = (ji, J2, • ■ • >jt)i we shall say 
that / is contained in J, and write I C J, if for any p = 0, 1, 2, . . ., we have 

^s—p Jt~p- 

Following [T7], we give 

Definition 2 Given a partition I — (it, 12, ... , i s ) G N s , and alphabets A and 
B ; the Schur function Si (A — B) is 

Sj(A-M) := ISi.-hr-pfA-B)^^. (3) 

In other words, we put on the diagonal from to bottom: S^ , Si 2 , . . . , Si s , and 
then, in each column, the indices of the successive Sj's should increase by one 
from bottom to top. For example, if / = (1,3, 3, 4, 5), then 



5i(A- 


b) s 4 (a-b; 
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) S* 7 (A-B) 


Sg (A-B) 


1 


s 3 (a-b; 


S" 4 (A-B 


) S* 6 (A-B) 


ft (A-B) 





s 2 (a-b; 


5*3 (A-B 


) S 5 (A-B) 


S 7 (A-B) 





Si(a-b; 


S 2 (A-M 


) S* 4 (A-B) 
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) S* 3 (A-B) 
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These functions are often called super symmetric Schur functions or Schur 
functions in difference of alphabets. See [39] , [3] , [29] , [34] , [20] and [17] for their 
study. 

We have the following cancellation property: for alphabets A, B, C, 

5/((A + C) - (B + C)) = S/(A-B). (4) 

We shall use the simplified notation iii 2 • ■ ■ i s or i%, . . . , i s for a partition 
(it, %2, ■ ■ ■ , is) (the latter one if i s > 10). Also, we shall write (i s ) for the partition 
(i, . . . , i) (s times). 

A partition / has a graphical representation due to Ferrers, called its dia- 
gram: it is a diagram of left packed square boxes with it,i2, ■ ■ ■ lis the number 
of boxes in the successive rows. For example, the diagram of the partition 
(2,5,6,8) is: 



Given two partitions / and J, if we put their diagrams in such a position 
that they share the lowest row and the leftmost column, then " I C J " iff the 
set of boxes of the diagram of I is contained in the set of boxes of the diagram 
of J. 

We record the following property: 

S/(A - B) = (-1)' / 'S,/(B - A) = Sj(B* - A*) , (5) 

where J is the conjugate partition of / (i.e. the consecutive rows of the diagram 
of J are the transposed columns of the diagram of I), and A* denotes the 
alphabet {— 01, —a 2 , . . . }. 
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Fix two positive integers m and n. Let / be a partition. Suppose that the 
diagram of I and the following (to, n)-hook : 



n 



m 



share the lowest row and the leftmost column. If the diagram of I is contained 
in this hook, then we say that the partition / is contained in the (to, n)-hook. 

We record the following vanishing property. Given alphabets A and B of 
cardinalities to and n, if the diagram of a partition / is not contained in the 
(to, n)-hook, then 

Sj(A-B)=0. (6) 
For instance, / = (2, 5, 6, 8) is not contained in the (2, 4)-hook 
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Therefore 5*2568(^2 -84) = 0. This vanishing property is an immediate conse- 
quence of the factorization property (see Eq.©). 

Moreover, we have the following result. 

Theorem 3 If A and B are alphabets of cardinalities to and n, then the Schur 
polynomials Si(A — B), where I runs over partitions contained in the (m,n)- 
hook, are Z-linearly independent. (I.e., they form a basis of the abelian group 
of super symmetric Schur functions in A and M.) 

For a proof, see, e.g., [34j Proposition 2.3]. 

Note 4 We shall often identify partitions with their diagrams, as is customary. 



It is handy to adopt the following 

Convention 5 Instead of introducing in the argument of a symmetric function, 
formal variables which will be specialized, we write [r] for a variable which will 
be specialized to r (r can be 2x\, x\ + x?,. . .). For example, 



S 2 (xi +x 2 ) = xl + xiX2 + x 2 but 5 2 ( 



X1+X2 



) = (xi+x 2 ) =x 1 +2x 1 x 2 + x 2 



This convention stems from [18_ where the reader can find instructive examples 
of its use. 
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Definition 6 Given two alphabets A, B, we set 

R(A,M):= [] (a -6), (7) 

o6A, beB 

the resultant of A, B. 

Thus i?(A, B) is the resultant of the polynomials R(x,A) — R({x},A) and 
R(x,M). 

We now record some properties of Schur functions that are used in our 
computations with Thorn polynomials. 

The first one is the following linearity formula. We have (see |17j ) 

Sj(-E - B n ) = Sj(-E - B n _ x ) - b n Sj-i(—E - B n _r) . (8) 

This equality is used quite often to estimate the sizes of partitions indexing 
Schur function expansions of Thorn polynomials (see, e.g., [52] . [19] , [23] . [24], 
[25]). It serves also to establish an extremely useful Transformation Lemma (see 
Lemma [7]) . 

The second one is the following factorization property [5J. For partitions 
/ = (ii, ...,i m ) and J = (ji, . . . , j s ), we have 

S(j 1 ,...j 3 ,i 1 +n,...,i m +n)(A m — B„) = Si(A m ) R(A m ,M n ) Sj(—M n ) . (9) 

For example, with m = 4, n = 2, / = (2, 3), J = (1, 3), we have 





-B 4 




i? 


A 2 





'1367 



(A a - B 4 ) = 5 23 (A 2 )i?(A 2 , B 4 )5 13 (-B 4 ) . 



This factorization property is useful to simplify the ft.-parts (cf. the end of 
Section |U) of Thorn polynomials (see Section and [32], QJ], [23], [24]). Cf. 
also [2B]. 

We shall also need multi-Schur functions. Given s, two sets of alphabets 
{A 1 , A 2 , . . . , A s }, {B 1 ^ 2 , . . . ,B S }, and partition / = i a ), we define fol- 

lowing |17j the multi-Schur function 



Si (A 1 



n = \S lq+q - p (Ai-B% 



(10) 



In case where the alphabets are repeated, we indicate by a semicolon the corre- 
sponding bloc separation. For example, 

Si.i-i (A — C;B - D) = 5V M ( A — C, A — C, B — D) . 
We record the following Transformation Lemma (see [171 Lemma 1-4.1]) 
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Lemma 7 Let D°, ED 1 , . . . , ED S 1 be a family of alphabets such that card(D z ) < i 
for < i < s - 1. Then the multi-Schur function 5/ (A 1 - B 1 , . . . , A s - M s ) is 
equal to the determinant 

\s iq+q - p (& q -® q -v> s -%< p , q < s - 

In other words, one does not change the value of a multi-Schur function by 
replacing in row p the difference A — B by A - B — W~ p . We leave it to the 
reader to prove this result. 



3 Thorn polynomials of singularity classes of maps 

Fix m, n,p £ N. Consider the space J P (C™ , Cq) of p-jets of analytic functions 
from C m to C" which map to 0. Consider the natural right-left action of the 
group Autf„ x Aut^ on ^(Cq 1 , Cq), where Aut^ denotes the group of p-jets 
of automorphisms of (C",0). By a singularity class we shall mean a closed 
algebraic right-left invariant subset of J V {C™, Cq ). Given complex analytic 
manifolds M m and N n , a singularity class E C ^(Cg 1 , Cft) defines the subset 
E(M,iV) C JP(M,N), where JP(M,N) is the space of p-jets from M to N. 

Theorem 8 Let E C t 7 p (C™, Cq) be a singularity class. There exists a univer- 
sal polynomial 7~ s over Z in m + n variables c\, . . . , c m , c^, . . . , d n which depends 
only on E, m and n such that for any complex analytic manifolds M m , N n and 
for almost any ma^ f : M — > N, the class of 

E(/) :=f-\Z(M,N)) 

is equal to 

T E (ci(Af), . . . , c m (M), f* Cl (N), f*c n (N)), 
where f p : M —> J' P (M, N) is the p-jet extension of f. 

This is a theorem due to Thorn, see [3D]. 

If a singularity class E is stable (e.g. closed under the contact equivalence, 
see, e.g., 0), then T s depends on c t (TM - TN M )- 

Let / : M — >■ N be a map of complex analytic manifolds. In the present 
paper, we shall work with the cotangent map 

/* :T*N M -^T*M , (11) 

rather than with the tangent one. Given a partition /, we define 

Si(T*M -T*N M ) 

to be the effect of the following specialization of Si (A-B): the indeterminates 
of A are set equal to the Chern roots of T*A1, and the indeterminates of B to 
the Chern roots of T*N M . 

3 The Riemann-Hurwitz formula quoted in Introduction holds for any surjective /. In the 
theory of Thorn polynomials we restrict ourselves only to almost all maps, i.e., the maps from 
some open subset in the space of all maps. 
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Given a singularity class E, the Poincare dual of £(/), for almost any map 
/ : M —> N ', will be written in the form 

5^ aiSi{T*M ~ T*N M ) (12) 
x 

with integer coefficients a/. 
Accordingly, we shall write 

T s = ^>/S/, (13) 

where S 1 / is identified with SV(A-B) for the universal Chern roots A and B. 

For example, consider the singularity class E = E\ So, m — i < n, and 
looking at the (m — i)th degeneracy locus of the cotangent map (fTTj) , we have 

' ^ (n — m-\-i) z 5 

the Giambelli-Thom-Porteous formula (see [2"7]V 

A basic result on Schur function expansions of Thorn polynomials of singu- 
larity classes is 

Theorem 9 ([35]) Let £ be a nontrivial stable singularity class. Then for 
any partition I , the coefficient cti in the Schur function expansion of the Thorn 
polynomial 

is nonnegative and Y), aj > 0. 

This result was conjectured in [5]. Thus, it is not obvious. But its proof 
is almost obvious. The original proof in [3S] used the classification space of 
singularities and the Fulton-Lazarsfeld theorem [5]. We now give an outline of 
another proof (of nonnegativity only), communicated to the second author by 
Klyachko (Ankara, 2006) and, independently, by Kazarian [T^] . 

Sketch of proof of the theorem First, using some Veronese map, we "ma- 
terialize" all singularity classes in sufficiently large Grassmannians. 

We fix a singularity class S and take the Schur function expansion of 7~ s . 
We take sufficiently large Grassmannian containing E and such that specializing 
T s in the Chern classes of the tautological (quotient) bundle Q, we do not lose 
any Schur summand. 

We identify by the Giambelli formula (see jS], p. 146 and [TU], p-18, p. 27), a 
Schur polynomial of Q with the corresponding Schubert cycle. 

To test a coefficient in the Schur function expansion of T s , we intersect [E] 
with the corresponding dual Schubert cycle (see [5], p. 150). Using the Bertini- 
Klciman theorem jl3j . we put the cycles in a general position, so that we can 
reduce to set-theoretic intersection, which is nonnegative. □ 

Note 10 If ai 7^ 0, then we shall say that / belongs to the indexing set of the 
Schur function expansion of 7" s , or that the partition / appears in the Schur 
function expansion of 7~ s , or just / appears in 7~ s . 
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It appears that this positivity result can be used to find upper bounds for the 
coefficients of expansions of Legendrian Thom polynomials in a suitable basis, 
see [32]. For the Lagrangian Thorn polynomials, this is the basis of the so called 
Q- functions, see [2"T] . 

We record now a variant valid for not necessary stable singularity classes. 

Theorem 11 ([361) Let £ be a nontrivial singularity class. Then for any 
partitions /, J, the coefficient ai^j in the Schur function expansion of the Thom 
polynomial 

T s =Y^<*i,jSi{T*M)Sj{TN m ) 
is nonnegative, and Ylj jOli^j > 0. 

(It is important that we use the cotangent bundle to the source M and the 
tangent bundle to the target N.) The latter result implies the former, see [36] . 
This last paper contains also some variations on positivity of generalized Thom 
polynomials, and emphasizes the role of cone classes for globally generated and 
ample vector bundles, following Fulton and Lazarsfeld. 



4 "P-ideals of singularity classes 

More generally, it is natural to consider the P-ideal of a singularity class E, 
denoted by 'P s . This is the subset in the polynomial ring Z[ci, . . . , c m , c[ . . . , c' n ], 
consisting of all polynomials P which satisfy the following universality property. 
For any complex analytic manifolds M m , N n and almost any map / : M —> N, 

P(d(M), . . . , c m (M),f*c 1 (N), . . . , f*c n (N)) 

is supported on £(/). (This means - see [35], [TU] - that the class of a cycle on 
M in H(M, Z) is in the image of #(£(/), Z) -> H(M, Z).) 

Note 12 These ideals were first studied (1988) in [28] for the classes S = £\ 
They were rediscovered (2004) in [B] in the context of group actions. 

For S = E*, V 11 is simply the ideal of polynomials which - after specialization 
to the Chern classes of M and N - support cycles in the locus D, where 

dim(Ker(/* : TM -> TN M )) > i . 

for almost any map / : M —> N. (This means that the class of a cycle on M in 
H(M, Z) is in the image of H(D, Z) H(M, Z).) 

Note that in terms of the cotangent map, D is the locus where 

rank(/* : T*N M -> T*M) <m-i, 

for almost any map / : M —> N. 

Of course, the component of minimal degree of is generated over Z by 
T E . Usefulness of 'P-ideals come from the following observation. Suppose that 

5 C where S' is another singularity class. Then T s belongs to V 11 . Thus if 
one knows the algebraic structure of , one can use it to compute 7~ s . In this 
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way, the degeneracy loci of the cotangent map (fTTT) appear to be useful objects 
to study Thorn polynomials. 

Set V 1 := P E \ By [25J and [25], one knows the algebraic structure of T\ 
i.e., a certain finite set of its algebraic generators (cf. [25] Proposition 6.1]), 
and its Z-basis (cf. [28] Proposition 6.2]). The arguments combine geometry of 
Grassmann bundles with algebra of Schur functions. 

Before proceeding further, let us state the following result which is rather 
useful to compute the Schur function expansions of Thorn polynomials. Its 
setting is the same as that of Theorem [5J 

Theorem 13 (1281, ]32j) Suppose that a stable singularity class £ is contained 
in S l . Then all summands in the Schur function expansion of T s are indexed 
by partitions containing (n — m + i) 1 . 

Thus the partitions not containing this rectangle cannot appear in the Schur 
function expansion of T s . 

This result seems to be quite obvious. However, its proof is not obvious. Let 
A and B be two alphabets such that 

5>=;Q(l + a) and £ c£ = + b) , 

aEA beB 

We have 

Proposition 14 No nonzero Z[ci, . . . , c m ]-linear combination of the Schur func- 
tions Si (A — B) 's, where all I 's do not contain (n — m + i) 1 , belongs to V % . 

The idea of the proof is to interpret V % as a "generalized resultant" , and use 
some specialization trick. For details, we refer the reader to the proof of "Claim" 
on p. 164 in [29] . 

Thus, in particular, no nonzero Z-linear combination of the Sj(A — B)'s, 
where all Ps do not contain (n — m + i) 1 , belongs to V '. 
Also, we have 

Proposition 15 Any 5/ (A — B), where I contains (n — m + i) 1 belongs to V 1 . 

The idea of the proof is to use a desingularization of D in the product of two 
Grassmann bundles, and apply appropriate pushforward formulas. For details, 
see [28j Proposition 3.2]. 

We are now ready to justify the theorem. Since S is contained in E l , the 
Thorn polynomial T s belongs to V 1 . By the stability assumption, the Thorn 
polynomial T E is a (unique) Z-linear combination of the Si (A — B)'s. Proposi- 
tions [15] and [TJ] imply that only Schur functions indexed by partitions containing 
the rectangle (n — m + i) 1 appear in this sum. □ 

In the computations of Thorn polynomials, it is convenient to "split" them 
into pieces supported on the consecutive degeneracy loci of the cotangent map 
(fTTj) . Let T be the Thom polynomial of a singularity class. Following [53], 
by the h-part of T we mean the sum of all Schur functions appearing in T 
(multiplied by their coefficients) such that the corresponding partitions satisfy 
the following condition: / contains the rectangle partition (n — m + h)'\ but it 
does not contain the larger diagram (n — m + h + l) h+1 . The polynomial T is 
a sum of its /i-parts, h = 1, 2, 
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5 Single R-L orbits 



In the present paper, we shall mostly study Thorn polynomials of singularities. 

Let k > be a fixed integer and • 6 N. Two stable germs m, K2 '■ (C # , 0) — > 
(C* +fc , 0) are said to be right-left equivalent if there exist germs of biholomor- 
phisms (p of (C, 0) and ip of (C* +fe , 0) such that iponiotp^ 1 = k%. A suspension 
of a germ is its trivial unfolding: (a;, v) i— > (k(x), v). Consider the equivalence re- 
lation (on stable germs (C, 0) — > (C' +k , 0)) generated by right-left equivalence 
and suspension. A singularity rj is an equivalence class of this relation^ 

According to Mather's classification ( 4 or 1 ]), singularities are in one-to- 
one correspondence with finite dimensional (local) C-algebras. We shall use the 
following notation of Mather: 

- Ai will stand for the stable germs with local algebra C[[a;]]/(x 4+1 ), i > 0; 

- Ia,b (of Thom-Boardman type S 2,0 ) for stable germs with local algebra 
C[[x,y]]/(xy,x a + y b ), b>a>2 ] 

- III a .b (of Thom-Boardman type E 2 ' ) for stable germs with local algebra 
C[[x,y]]/(xy,x a ,y b ), b>a>2 (here k > 1). 

With a singularity rj, there is associated Thorn polynomial T n in the formal 
variables ci, C2, . . . which after the substitution of Cj to 

Cl (f*TN - TM) = [c(f*TN)/c(TM)]i , (14) 

for a general map / : M — >• N between complex analytic manifolds, evaluates 
the Poincare dual of [i](f)}, where rj(f) is the cycle carried by the closure of the 
set 

{x G M : the singularity of / at x is 77} . (15) 

By codim(?7), we mean the codimension of T)(f) in X . 

Codimensions of above singularities are as follows (cf. [H Chapter 8]): 

- Ai associated with maps (C, 0) — > (C ,+fc , 0)), where i > and k > has 
codimension (fc + 

- I a: b associated with maps (C*,0) — > (C ,+fe ,0)), where b > a > 2 and 
k > has codimension (k + l)(a + b — 1) + 1. 

- III a ,b associated with maps (C*,0) — » (C* +fe ,0)), where b > a > 2 and 
k > 1 has codimension (k + l)(a + b — 2) + 2. 

We shall now follow the approach in [37]. Let k : (C™,0) -> (C"+ fc ,0) be 
a prototype of a singularity r\. It is possible to choose a maximal compact 
subgroup G n of the right-left symmetry group 

Aut k = {(<p, ip) G Aut„ x Aut„ + fe : ip o k o i^T 1 = k} , (16) 

such that images of its projections to the factors Aut„ and Aut„+fc are linear 0. 
That is, projecting on the source C n and the target C n+fc , we obtain represen- 
tations Ai (77) and X2(rj). Let E' and E v denote the vector bundles associated 
with the universal principal G^-bundles EG^ —¥ BG^ that correspond to Ai (77) 

4 This terminology stems from [37]; a singularity corresponds to a single R-L orbit. 
5 By Aut n we mean here the space of automorphisms of (C n ,0). 
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and A 2 (f7), respectively. The total Chern class, c(j]) € H*(BG ri ,Z), and the 
Euler class, e{rj) € H 2codim ^ (BG n , Z), of 77 are defined by 

cfa):=^§l and e(ry) := e(^) . (17) 

We end this section by recalling the method of restriction equations due to 
Rimanyi et al. 

Theorem 16 ('371) Let 77 be a singularity. Suppose that the number of sin- 
gularities of codimension less than or equal to codim^) is finite. Moreover, 
assume that the Euler classes of all singularities of codimension smaller than 
codim(?7) are not zero-divisors. Then we have 

1- if C ¥^ V an d codim(£) < codim^), then T v (c(£)) = 0; 

2. -n{c{rj)) = e{n). 

This system of equations (taken for all such £'s) determines the Thorn polyno- 
mial T n in a unique way. 



Solving of these equations is rather difficult. This method is well suited for 
compter experiments, though the bounds of such computations are quite sharp. 



6 Computing the Chern and Euler classes 

The Chern and Euler classes recalled in the present section were given in: [37] , 

[32], [23], \M and [35]. 

Let rj : (C*, 0) — > (C' +k , 0) be a singularity in the sense of Section [SJ 

For 77 = Ai, a suitable maximal compact subgroup can be chosen as Ga { — 

17(1) x U(k). The Chern class is 

<A i ) = ^^ ll(i + y j ), (18) 

where x and y\ r ■ ■ , yu are the Chern roots of the universal bundles on BU(1) 
and BU(k). The Euler class is 

k 

e(Ai) = i\ x l Yliyj -ix)--- { Vj - 2x)(y 3 - x) . (19) 
i=i 

In case of 77 = 72,2, we consider the extension of U(l) x U(l) by Z/2Z. 
Denoting this group by H, a maximal compact subgroup is G rj = HxU(k) for all 
k > 0. But to make computations easier, we use the subgroup U (1) x U(l) x U (k) 
as G v (cf. 37 , p.502)). We have 

(l + 2xx)(l + 2x 2 ) * 

c(/2 ^ 2) = (1+^(1+^ n (1 + vi) • (20) 
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Here x\, X2 and yi,. ■ ■ ,yk are the Chern roots of the universal bundles on two 
copies of BU(1) and on BU(k). The Euler class is 

k 

e(h,2) = x 1 x 2 {2x 1 - x 2 )(2x 2 - Xi) - x 1 )(y :j - x 2 )(y ] - x\ - x 2 ) ■ (21) 

3=1 

Next, we consider 77 = III 2 . 2 . This time we use the maximal compact group 
G v = U{2) x U(k-1) for k > 1. We have 

where xi,x 2 and y\, . . . 7 yk-i denote the Chern roots of the universal bundles 
on BU(2) and BU(k-l). The Euler class is 

fc-i fc-i 

e(III 2 ,2) = (x 1 x 2 ) 2 (x 1 -2x 2 )(x 2 -2x 1 ) Y]_{x 1 -y j ) (x 2 -?/j) . (23) 

For the singularity III 2 .3, we can use the action of the U(l) x t/(l) x U(k— 1). 
We have 

This time xi, x 2 and yi, ■ ■ ■ ,yk are the Chern roots of the universal bundles on 
two copies of BU{1) and on BU(k — 1). The Euler class is 

e(Hh,3) = / ixjxl(x 1 - x 2 )(xi - 3x 2 )(x 2 - 2xi) 

W (25) 
x H(^i - Vj)(x2 - Vj)(2x 2 - Vj) • 

For the singularity 11/3,3, the maximal compact group is ?7(2) x ?7(fc — 1). 
The Chern class is 



Ijrj \ (l + 3xi)(l + 3x 2 )(l + xi +x 2 ) -r-r . . , 
C{llh ^ = (l + xOU + x.) II (1 + Vi) • (26) 

where Xi, x 2 and j/i, . . . , j/fe_i are the Chern roots of the universal bundles BU(2) 
and BU(k - 1). The Euler class is 

e(Hh,3) =4x^x2(3x1 - x 2 )(3xi - 2x 2 )(3x 2 - xi)(3x 2 - 2xi) 

k-i ^7) 
x II^ 1 ~ %)( 2a; i _ %)( x 2 - %)(2x 2 - yj) . 

We display now the Chern or/and Euler classes of some other singularities 
(we omit to interpret the variables Xj and yj). We have 

(I j a+b xiVl ^ — xo) k ~ 1 

nIT \ [ S cd a ' b Jl gcd a,b X 2J ^ 



fc-1 
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v ' /—I \z— 1 i=l / 

(29) 

, rr7 s (1 + axi)(l + bx 2 )(l + Xi + x 2 ) -r^r 1 . 
c(/// - b) = (l + x 1 )(l + » 2 ) 11 ( %) 5 (30) 

3=1 



6-1 a-1 

e(JIJ , 6 ) = (a - 1)!(6 - 1)! JjKi " II ( te2 " 

2 = 1 1=1 

fc-1 /a-1 6-1 \ 

x n ( ~ ixi "> n^' - ^ • 
j=i \i=i i=i / 



(31) 



A general strategy for computing the Chern and Euler classes of singularities 
was described in [37] . 

We show now, following [24 , how to compute the Euler class of IIl2,3- 
Assume that k = 1 and consider the germ g(x, y) — (x 2 , y 3 , xy). A prototype of 
HI2.3 can be written as the unfolding 

8 

9 + }] Ujhj , 

»=1 

where hi form a basis of the space 

m 3 

x,y 



mx,v{^,S} + C3./(s) 



and where 1(g) is the subspace generated by the component functions of g. We 
shall work with the basis consisting of the following germs: 

hi(x, y) = (x, 0, 0), h 5 (x, y) = (0, y, 0), 

h 2 (x,y) = (y,0,0), h 6 (x,y) = (0,y 2 ,0), 

h 3 (x,y) = (y 2 ,0,0), h 7 (x,y) = (0,0, x), 

h*(x, y) = (0, x, 0), /i 8 (>, 2/) = (0, 0, y). 



Let denote the representation of the action of the group U(l) x U(l) on the 
space generated by hi. Then, denoting the one-dimensional representations of 
the first and the second copies of !7(1) by A and /i, we have 





Phi 


= A, 


Phs 


= P 2 


ph 2 


= A 2 <g> 




Phe 


= M> 


Ph 3 


= A 2 ® 




Ph 7 


= Mi 


Phi 


= A- 1 < 




Ph s 


= A. 
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Therefore for k = 1, using the representation 0Pfc i; we can write the Euler 
class as 

e{IIhfi) = 4x1xl(xi - x 2 ){x\ - 3x 2 )(x 2 - 2xi) , (32) 

where x\ and x 2 denote the Chern roots of the universal bundles on the two 
copies of BU(1). 

For k = 2, in addition to hi above, we need to consider the representations 
of the action of the group U(k — 1) = U (1) on the spaces generated by (x, y) i-> 
(0, 0, 0, x), (x, y) i-> (0, 0, 0, y) and (x, y) n> (0, 0, 0, y 2 ). These can be written as 
^(g)A _1 , v®^ 1 and v®^ 2 , where v denotes the one-dimensional representation 
of this copy of U(l). Hence, in this case, the Euler class can be written as 

e(IIh,3) = 4:xlxl(x 1 -x 2 )(x 1 -3x2)(x2-2x 1 )(x 1 -y 1 )(x2-yi)(2x 2 -yi) , (33) 

where above and y\ denotes the Chern root of the universal bundle on 

BU(1). 

For k > 1, we need to consider U(k — 1) instead of C/(l) , giving rise to 

... , yk~i (and respectively to the product 1X7=1 ( x i — Vj){ x 2 — Vj){^ x 2 — Uj)) 
instead of y\ (and respectively of (xi — yi)(x 2 — yi){2x 2 — j/i)). 

We shall need the following alphabets: 
Definition 17 We set 



© = 

E = 






xi + x 2 , 


2xi 


+ 


2x 2 






F = 
G = 
H = 


2xi 


+ 
+ 
+ 


3x 2 


+ 
+ 
+ 


Xl + x 2 


3xi 


3x 2 


Xi + x 2 


2xi 


4x 2 


Xl + x 2 



Notation 18 In the rest of the paper we shall use the shifted parameter 

r:=k + l. (34) 

When we need to emphasize the dependence on r we shall write 77 (r) for the 
singularity r\ : (C',0) — > (C ,+r ~ 1 ,0), and denote the Thorn polynomial of rj(r) 
by 7T 7 , or T r for short. (In this notation, the result of Thorn, T r Al = S r , has a 
transparent form.) 

We now specify, with the help of these alphabets, some equations character- 
izing Thorn polynomials % imposed by different singularities. 

Note 19 The variables below will be specialized to the Chern roots of the 
cotangent bundles. 
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First, we give the vanishing equations coming from the Chern classes of 
singularities. Let Mj denote an alphabet of cardinality j. We have the following 
equations: 



Ai(r) : 7;(a;-B r _i - (i + l)x ) = for i = 0, 1, 2, . . . ; (35) 



h.Ar): % (X 2 -E-B r _i) = 0; 



(36) 



I 2 , 3 (r) : % ([2x~\ + \j^ 



5x 



6.7; 



/// 2 , 2 (r) : Tr(X 2 



-B^^O; (37) 
r-2)=0; (38) 



HhAr)- Tr(X 2 -F-B r _ 2 ) = 0; 



(39) 



III 2A (r) : % 



r 1^2 



»r-2 



= 0. 



(40) 



Using the Chern classes displayed above, one can write down other vanishing 
equations. 

We give now some normalizing equations coming from the Euler classes of 
singularities. We have 



Ai(r) : T r (x-V r -i- (i+l)x ) = R(x+ \ 2x | + | 3x | + ■ ■ • +| ix |,B r _i+ (i+l)x ); 

(41) 



hair) ■ T r (X 2 -E-B r _i) = x l x 2 {x 1 -2x 2 )(x 2 -2x 1 ) R(X 2 + 



Xi+X 2 



,B r _i) ; 
(42) 



h,3 (r) ■ T r I 2x + 3.x — 5x — 6.x 



3x 



5.x 



= 2xR(\ 2x | + 

r-1 



+ 



6.x 



+ B r _x) 



1 1 h,2{r) : Tr 



r(A 2 



_ 2 ) = i?(X 2 ,U + B r _ 2 ) 



(43) 



(44) 



r-2 



HhAr) ■ % (X 2 - F - B r _ 2 ) = 2x 2 (x! - x 2 )i?(X 2 ,F + B r _ 2 ) ]J(2x 2 - fy) ; 

j=i 

(45) 
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Hh,3( r ) '■ 7~ r (X 2 - G - B r -2) =xix 2 (3xi - 2x 2 )(3a;2 - 2xi) 

r-2 

xR{X 2 ,G + m r ^ 2 )Y[(2 Xl - bj)(2x 2 ~ bj) . 

3=1 

(46) 

Using the Euler classes displayed above, one can write down other normal- 
izing equations. 

7 Thorn polynomials of singularities 

In this section, we shall study, for singularities 77, Schur function expansions 
Thorn polynomials T v written in the form (jT3"]l (cf. also (|T^|) : 

1 

It is interesting to find bounds on partitions appearing in Schur function expan- 
sions of Thorn polynomials of singularities. One such follows immediately from 
Theorem [T51 

Proposition 20 Suppose that a singularity r\ is of Thorn- Boardman type 
Then all summands in the Schur function expansion of Tp are indexed by par- 
titions containing the rectangle partition (r + i — 1)'. 

For example, consider the singularity /J/2,3 ('')■ As its Thom-Boardman type 
is E 2 ' , all partitions in the Schur function expansion of T IIl2 a (r) contain the 
partition + r + 1). This Thorn polynomial is characterized by the equations: 
(|55|) . i = 0, 1, 2, 3, and (|4"5)) . Its Schur function expansion is given by the 
following expression: 

Theorem 21 flSfl, J7j) We have 

r+1 

T m 2 , s = J2 TS r+1 . hr+hr+l . (47) 

i=l 

7.1 On Morin singularities Ai(r) 

One of the most important problems in global singularity theory is to write 
down the explicit Schur function expansion of the Thorn polynomials for Morin 
singularities Aj(r). We now describe, following [33], the 1-part of T r Ai for any i 
and r. 

Let A be an alphabet of cardinality m. Consider the function F(A, — ), 
defined for any difference of alphabets G — HI by 

F(A, G - H) := Si(A)S n - lm ,..., n - n , n+ \i\ (G — H) , (48) 
where the sum is over partitions / — (^l? ^2? ■ • ■ ? 

) such that i m < n. 
A basic link of this function to resultants is given by the following result. 
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Lemma 22 For a variable x and an alphabet B of cardinality n, we have 

F(A, x — M) — R(x + Ax, B) . (49) 

(loc.cit. Lemma 8). 

Next, we define the following function Fr (—)'• 

F«(G -H) = Sj(^2} + \3}+ ■ ■ • +0)S r _ ii _ 1> ..., r _ J - 1)r+ | J |(G - H) , (50) 
j 

where the sum is over partitions J C (r l_1 ), and for i = 1 we understand 
F«(-) = S r (-). 

The following result gives the key algebraic property of F^ . 

Proposition 23 We have 

F^ix-Mr) = R(x + \2x] + [3x]+ ■ ■ ■ +lix],M r ) . (51) 



Proof. The assertion follows from Lemma 1221 with m = i — 1, n = r, and 



A 



With the help of Proposition [23 the following result on Thom polynomials 
was established: 

Theorem 24 For any i,r, the 1-part ofT r Ai is equal to F$ . 
(loc.cit. pp.173-174). 

(i) 

We shall now use a couple of functions Fr to rephrase some results from 
@0], [35], folklore, [II] and [37], respectively: 

^ Sf ' — " / *■ ; 

p{2) -^ 2 j S •_■_• = T M - 

r r — / ^ 6 Or-^r+j — I r , 
j<r 

F^ 3) = S 111+ 5S 12 + 6S 3 = 7^ 3 ; 

F[ i] + 10S 22 = Shu + 9Sn 2 + 26S 13 + 24S 4 + 10S 22 = T^ 4 ; 

^ 2 (3) + 55 33 = S 222 + 5Si 23 + 6Siu + 195 24 + 305i5 + 365 6 + 5S 33 = T/ 3 

([33], pp. 174-176). The reader can find in [33] more examples of the functions 
Fr ■ In the next section, we shall discuss the Schur function expansions of T r As 
for all r. 

Definition 25 For a positive integer p We denote by <E> P the linear endomor- 
phism on the Ti-module spanned by Schur functions indexed by partitions of 
length < p that sends a Schur function <Sj 1 ....,j p to Sfa+i^,,^ +1. 

Example 26 For any i, r > 1, we have 

F« =^+$,(F r ( ! ) 1 ), (52) 

where the first summand gathers the Schur functions indexed by partitions of 
length < i. 

In [2] , the author discusses another approach to Thom polynomials of Morin 
singularities. 
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7.2 A basic recursion 



In the forthcoming section, we shall discuss some recursions for Thorn polynomi- 
als. The following result was recently obtained in Proposition 7.15, Theorem 
7.14]. Let Q v denote the local algebra of the singularity n. 

Theorem 27 Let rj be a stable singularity. Then the length of any partition, 
appearing in the Schur function expansion of Hp , is < dim(Q,j)— 1. Moreover, 
by erasing one column of length dim((3, ; )-l from all the diagrams of partitions 
appearing in TJ 1 , we get all the diagrams of partitions appearing in 7^ l _ 1 (we 
disregard the partitions whose diagrams have no such a column). 

In other words, for p = dim(<5 ?? ) — 1, the following equation holds: 



where the first summand gathers the Schur functions indexed by partitions of 
length < p. 

This result was earlier established for the singularities 12,2(1"), As(r), A^(r), 
Hl2,3(f) and 1 1 13,3(1") from the restriction equations which they obey, with 
help' of Eq.® (see '[22], [H], [23], [24] and [25]). 

This recurrence relation is quite easy to observe, especially by computing 
examples with the help of computer. It is, however, not sufficient to compute 
Thorn polynomials. As the matter of fact, Schur function expansions of Thorn 
polynomials often contain many terms, where the first column is shorter than 
the maximal possible. So these "initial terms", denoted by in (j53|) . cannot 
be obtained by the operation of adding a maximal possible column. 

Another interesting question is to find upper bounds of the coefficients in 
Schur function expansions of Thorn polynomials. This will be a subject of some 
future study. 

8 Pascal staircases and two recursions 

We invoke first some results from [33] and [T5]. We start with useful algebraic 
identity associated with Pascal staircases (cf. [IP] ) . Then we discuss the Schur 
function computations of the Thorn polynomials of 12,2(1") and A^(r). 

8.1 Pascal staircases 

The material of this subsection stems from [19] . 

Consider an infinite matrix P — [p s .t] with rows and columns numbered by 
«,t = l,2,.... 

We suppose that p 1:t — P2,t = for t > 2, pz,t = P4,t = for t > 3, 
P5,t = Pe,t = for t > 4 etc. 

The first column is an arbitrary sequence v — (v%, V2, • ■ •)• In the case when 
this sequence is the sequence of coefficients of the Taylor expansion of a function 
f(z), we write Pf for the corresponding matrix P. 

To define the remaining p s ,t's, we use the recursive formula 



(53) 



Ps+l,t =Ps,t-l +Ps,t- 



(54) 



20 



We visualize this definition by 



a b 
□ 



a b 
a + b 



We thus get the following Pascal staircase P = \pi,j]i,j=i,2,. 



vi 

V5 







V2 
V3+V2 
V4+V3+V2 



V 6 V 5 +V4+V 3 +V2 








V3+V2 

V4+2V3+2V2 



V-j U6+ w 5+ w 4+ w 3+W2 W5+2?;4+3'y3+3w2 W4+2W3+2W2 



Given an integer d > 0, and an alphabet A, we define the function W(d) = 
W{d,A) by 

W(d, A) = Y,Pd+i->U+i Sii-A) % d _ 4 _,(X 2 ). (55) 

The function W(d, A) is linear in the elements of the first column of P. Hence 
it is sufficient to restrict to the case v = (1, y, y 2 , . . .), i.e., to take P = P\/(i- zy ) 
to determine it. 



Lemma 28 If P = Pi/n- Z y) an d 
W(d, 



Xi + x 2 



xi + x 2 



then W(0) = 1 and for d>\ 
) = (y-l) y d - 1 S d (X 2 ). (56) 



For the proof, see [19] . 

Let B be another alphabet. Taking now A = 

and using 



x\ + x 2 



instead of 



xi + x 2 



W(d, A) = ^ Pd+i-i-k j+i Si 



Xl + X 2 



d — k. 



xi + x 2 



) Sj t d-i-j-k0^2)Sk(- 

S*(-B) 



(1 - y- 1 ) Y, y d - k S d - k (X 2 )S k (-B) = y*(l - y- v )S d (X2 - y-'M) , 



we get the following corollary. 

Corollary 29 If P = Pi/(i- Z y) an d B is an arbitrary alphabet, then {apart 
from initial values) we have 



W(d, \x 1+ x2\ + B) = (y - l)y d -%(X 2 - y- 1 ®) . 



(57) 
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8.2 Recursions for hpir) 

The material of this subsection stems from [3"2"] . 

The codimension of h,2(r), r > 1, is 3r + 1. Set % := T^ 2,2 and T r = T r 2 ' 2 . 
We have 71 = 7~i = £22- 

A partition appearing in the Schur function expansion of T r contains the 
partition (r+1, r+1) and has at most three parts. In particular, if Si u i 3 appears 
in the Schur function expansion of T r , then i\ = r+ 1 +p and ii = 2r — p, where 
< 2p < r - 1. 

Invoke the map $3 from Definition [25] We have, for r > 2, the following 
recursive equation: 



T r = T r + <M7Vi) + $i(T r _ 2 ) + • • • + *S -1 CrO 



(58) 



So we are left with computation of T r - 

Consider the matrix whose (i, j)th entry is the partition (i + j, 1 + 1% — j) 
with the convention that (i + j, 1 + 2i — j) is the empty partition for 2j > i + 1: 



22 

34 

4G 

58 
6,10 
7,12 
8,14 



55 
G7 
79 
8,11 
9,13 



9,10 
10,12 11,11 



Note that the rth row of the above matrix consists of partitions appearing 
in T r - It turns out that the coefficients of their Schur functions are given by the 
corresponding entries of the Pascal staircase P — [Pij]i=i,...-j=i,..., associated 



with the sequence {2* — l}i = i,2 












" 1 
















3 
















7 


3 













15 


10 











P = 


31 


25 


10 










63 


56 


35 










127 


119 


91 


35 





Namely, we have 














T r = 


E 


p 


S r +j,2r- 


1-1- 



(59) 



2j<r+l 
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Example 30 We have the following values of 7~i , • • • , T7 : 
7~i = 5 22 

T 2 = 3S*34 

7~3 = 7546 + 35*55 

r 4 = i55 58 + iosw 

T 5 = 315 6 , 10 + 255 79 + 105 88 

Te = 6357,12 + 5658, 11 + 355 gi i 

T7 = 1275 8 ,i4 + H95g,i3 + 915io,i2 + 35511,11 ■ 

In this case, the algebra of Schur functions combined with one of the equa- 
tions characterizing the Thorn polynomial, yields quickly an expression for TV- 
Of course, TV is uniquely determined by its value on X2. The following result 
gives this value. 

Proposition 31 For any r > 1, we have 

T r (X 2 ) = (x 1 x2) r+1 5 r _i(D) . (60) 

We show the induction step. Suppose that the assertion is true for Ti, where 
i < r. Let I — (J, r + 1 + p, r + 1 + q) be a partition appearing in the Schur 
function expansion of T r . By the factorization property we get 

5j(X 2 — D — B r _ 2 ) = R ■ Sj(-3 - B r _ 2 ) • 5 p , g (X 2 ) , 

where R = R(X 2 ,B + B r _ 2 ). Therefore, using Eq. ([38|l. we obtain 

r r (X 2 -B-B r _ 2 )= J R-(V5 J -(-B-B r _ 2 ) Tr -\?f +1 ). (61) 

By the induction assumption, for positive j < r — 1, we have 

T r -i(X 2 ) = 0n2; 2 ) r - J+1 5 r _ 1 _ j (D). 

We use now the fact that among the equations characterizing % is (|3"5|) (because 
the codimension of 77J 2i2 (r) is smaller than codim(/ 2!2 (r))). Substituting this 
to ([rJT|) . we obtain 

J2 S,-(-B - l,- 2 )5 r _i_ i (B) + 7'-^ = . (62) 

But we also have, by a formula for addition of alphabets, 

r-1 

^5 j (-e-B r _ 2 )5 r _i_ J -(B)+5 r ._i(B) =5 r ._i(-B r _ 2 ) = 0. (63) 

Combining (p2l and (p3")) . gives 

T r (X 2 ) = (x 1 x 2 ) r+1 5 r _i(B), 
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that is, the induction assertion. □ 

The Schur function expansion of £j(B) was described in [25], [T5] and Ap- 
pendix A3 in |30] , in the context of the Segre classes of the second symmetric 
power of a rank 2 vector bundle. Indeed, U is the alphabet of the Chern roots 
of the second symmetric power of a rank 2 bundle with the Chern roots x\, x 2 . 
The recursions encoded by the Pascal diagram (f5i?|) express the recursions for 
the coefficients of the Segre classes of the second symmetric power of a rank 2 
vector bundle (loc.cit.). 



8.3 Recursions for A 3 (r) 

The material of this subsection stems from [T9"] . 
We set 

F r := &h ,h (JL + A-}Sr-j 2 ,r-j 1 ,r+j 1 +j 2 ■ (64) 

ji<j 2 <r 

This function is the 1-part of T Ai (see Section [7]). 

In [37], the author gave Thorn polynomials for A 3 (l) and A 3 (2). Their Schur 
function expansions are 



Tf 3 = S ln + 5S 12 + 6S 3 = F x 



(65) 



and 

T 2 M = S 222 + 5S 123 + 65114 + 19^24 + 305i 5 + 365 6 + 55 33 = F 2 + 5S 33 . (66) 

Note that the 2-part of T 2 As is 5533. 

We now pass to the case of general r. Since A 3 (r) has codimension 3r, a 
partition appearing in the 2-part of T r A3 has weight 3r and its diagram contains 
the partition (r + 1, r + 1). Moreover, it can have at most three rows. 

Consider the matrix whose (i, j)th entry is the partition (1 + i + j, 2 + 2i — j) 
with the convention that + 2 + 2i—j) is the empty partition for 2j > i + 



33 








45 








57 


66 





69 


78 





7,11 


8,10 


99 


8,13 


9,12 


10,11 


9,15 


10,14 


11,13 12,12 



We now want to define a symmetric function H r whose Schur summands are 
indexed by partitions from the (r — l)th row of the above matrix. Their coeffi- 
cients will be given by the corresponding entries of the following Pascal staircase. 
Consider the following Taylor expansion: 



/(*) 



5 — 6z 



(1- z)(l-2z)(l-3z) 



= 5 + 24z+89z 2 + 300z 3 + 965z 4 + 3024z 5 + 9329z 6 
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The Pascal staircase associated with / is the following infinite matrix: 



P = 



5 














24 














89 


24 











300 


113 











965 


413 


113 








3024 


1378 


526 








9329 


4402 


1904 


526 






For r > 2, we set 



H r :— Pr-l,jS r +j,2 
2j<r 



(H 2 ) 



(67) 



Example 32 We have the following values of H r , r = 2, . . . , 7 

H 2 = 5S 33 
H 3 = 24^ 45 
Hi = 24S , 66 +89S , 57 
H 5 = 113S , 78+300S' 6 9 
H 6 = 113S , 9 9+4135 8i io+9655 7 ,ii 
H 7 = 526S , io,ii+1378S , 9,i2+3024S' 8 ,i3 . 

We define by induction on r 

H r = H r + $ 3 (ffr-l) + ^i(H r - 2 ) + • • • + " ~ 

With this definition of H r , we state the following result. 
Theorem 33 (fWj/) We have 

T r M =F r + H r . 

In other words, the function H r is the 2-part of 7~ r A3 , and its /i-parts are zero 
for h > 3. Note also that we recover the recurrence (|52l) : 



^ = ^ + $3(^-1). 



We show now, following [19], the essential computations in the proof of 
Theorem l33l As explained in 119 , it is crucial to show the vanishing (l38l) of 
T r Ai at the Chern class c{IIl2,2{r))- I.e., it suffices to show the equality 

{F r + H r )(xx+x 2 -^-M r _ 2 ) = 0. (68) 

Due to the factorization property each Schur function occuring in the 
expansion of H r is such that 

S c ,,. + i +a ,,. + i +fc (X 2 -0-B r _ 2 ) - i?(X 2 ,D+B r _ 2 ) • S c (-©-B r _ 2 ) • 5 a , fc (X 2 ) . 
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We set 



so that 



V r (K 



2, B r _2) 



H r (X 2 -B-B r _ 2 ) 
J?(X 2 ,D + B r _ 2 ) ' 



(69) 



V r {X 2 



E E < 

i=0 {j>0: i+2j<r-2} 



Si(- 



,-2) S ilP _ < _ J -- 2 (X 2 ) . (70) 



We have the following recursive relation which follows from the observation that 
the coefficient of 6 r _ 2 in V r r (X 2 ; B r _ 2 ) is equal to — V r _i(X 2 ; B r _3). 



Lemma 34 For r > 2, we have 



r-2 



K-(X 2 ;B r _ 2 ) = £ F r _i(X 2 ;0) 5i(-B r _ 2 ). 



(71) 



i=0 



Thus it is sufficient to compute V>(X 2 ;0). 
Proposition 35 For r > 2, we have 

V,.(X 2 ;0) = 3 r - 2 (3S r _ 2 (X 2 ) - 25i, r _ 3 (X 2 )) 



(72) 



(In particular, F 2 (X 2 ;0) = 5 and V 3 (X 2 ;0) = 95i(X 2 ) .) 

We now apply Corollary [5H from Subsection (|8.ip with B = 2x± + 2x 2 
Expanding 



S d X 2 -y- x ( 2asi 



2x 2 



)) 



= S d (X 2 ) - 2a:i + 2a:2 S d - 1 (X 2 ) + 4^S d _ 2 (X 2 ) , 

y y 



we get, for d > 3, 



W(d,D) = /^(y - l)(y - 2)S„(X 2 )) - 2/- i (y - l)(y - 2)5i, d _i(X 2 ) (73) 
and initial conditions 

W(0) = 1, W(l) = (y-3)Si(X 2 ), 
W(2) = (y - 1)0, - 2)S 2 (X 2 ) - 2(j/ - 3)Sn(X 2 ) . 

We come back to Proposition [35l and we take the Pascal staircase (l59l) . 
Then for d = r - 2, the function W(d,B) is the function K(X 2 ;0). We thus 
have to specialize y into 1, 2, 3 successively. Apart from initial values, only y = 3 
contributes, and we get, for d > 3, 

W(d,B) = 3 d+1 S n (X 2 ) - 2 • 3 d S M _!(X 2 ) . 

This proves Proposition 1331 checking the cases r = 2,3,4 directly. 

We now pass to the specialization F r (X 2 — D — B r _ 2 ). It is rather straight- 
forward to prove the following lemma (cf. |19j). 
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Lemma 36 The resultant #(X 2 ,B + B r _ 2 ) divides F r (K 2 — D — B r _ 2 ). 
We set 



t/ r (X 2 



F r (X 2 -B-B r _ 2 ) 



(74) 



" i?(X 2 ,B + B r _ 2 ) 

Note that each variable b 6 B r _ 2 appears at most with degree 3 in 
F r (X 2 -B-B r _ 2 ), and hence at most with degree 1 in £7 r (X 2 ; B r _ 2 ). We have 
the following precise recursive relation which follows from the observation that 
the coefficient of 6 r _ 2 in F r (X 2 -B-B r _ 2 ) is equal to F r _i(X 2 -B-B r _ 3 ). 



Lemma 37 For r > 2, we have 



t/ r (X 2 ;l 



U M (X 2 ;0) 5i(-B r _ 2 ) 



(75) 



i=0 



Let 7r be the endomorphism of the C-vector space of functions of X\,x 2 , 
defined by 

,r, s\ x 1 f(x 1 ,x 2 )-x 2 f(x 2 ,x 1 ) 
For any i,j G N, we have 



x\ - x 2 



n(x{x 2 ) = S it j(X 2 ) . 



(76) 



The proof of the following proposition will make use of multi-Schur functions 
(see the end of Section [5]) . 

Proposition 38 For r > 2, we have 

F r (X 2 - D) = -3 r - 2 i?(X 2 ,D)(x 1 a; 2 )'- 2 (35 r _ 2 (X 2 ) - 25 llP _ 3 (X 2 )) . (77) 

Proof. The identity is true for r = 2. To prove the assertion for r > 3, we 
compute in two different ways the action of ir on the multi-Schur function 



SV !r;r (X 2 + 2xi + 3xi 



;xi 



(78) 



Firstly, expanding (|78[) . we have 



n(S, 



r,r:rl A 2 



2a;i + 3a; i 



7r ( g Ji.A ( | 2xi | + | 3a;i | ) S r _j 2 , r _j i;r (X 2 

ii<j2<r 
7r ( ^j'lj'aC 



;xi 



»)) 



ii<j2<r 
<j 3 <r 

F r (X 2 - D) 



) S r -j 2 ,r-j 1 ;r+j 1 +j 2 (^-2 -B;xi - B)) 

r— J2,r-ji,r+ji+i2 (^2 — B) 



Secondly, using Lemma [7J we subtract xi from the arguments in the first two 
rows of the determinant ([75)) without changing its value. We get the determinant 
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2xi 



2xi 



S T (X2 + 2X1 + 3Xl 

SV_i(x 2 + 
S r - 2 (X 2 + 



3a; i 



Sxi 



f) S r (x 2 + 2X1 



S r +l(x2 + 2xi + 3x 



3xi 



SV-i(X 2 + 2xi + 3xi - 



D) S r+2 (- 

t) S r + l{- 

D) S r (xi - 



Since the elements in the first two rows of the third column are zero, this 
determinant is equal to 



S r ,r(x2 + 2xi + 3xi 



S r (xi 



Since 



x 2 



2xi 


+ 


3xi 


-B = x 2 + 


3xi 




2x 2 




Xi + x 2 



and the following two factorizations hold: 

Sr y r(x 2 + 3xi — 2x 2 — xi + x 2 ) = -3 r ~ 2 (x 2 - 2xi)(xix 2 ) r ~ 1 (3xi - 2x 2 ) 
and 



S r (xi — D) = x\ 2 x 2 (xi — 2x 2 ) , 



we infer that 



SV !r;r (X 2 + 2xi + 3xi 



;xi 



-y- 2 R{X 2l B)(x 1 x 2 ) r - 2 x r 1 - 3 (3x 1 - 2x 2 ) . (79) 
By (|76|) . the result of applying tt to d79l) is 

-3 r - 2 i?(X 2 ,B)(x 1 x 2 )'- 2 (35 r _ 2 (X 2 ) - 2Si ir _ 3 (X 2 )) . 



Comparison of both computations of tt applied to (|78p yields the proposi- 



tion. 



In terms of U r , we rewrite Proposition 1381 into 
Corollary 39 For r > 2, we have 

f/ r (X 2 ;0) - -3 I '- 2 (3S r _ 2 (X 2 ) - 25 1>r _ 3 (X 2 )) 



(80) 



These are the essential computations with Schur functions leading to the 
proof of Theorem [33] 

9 Towards the Thorn polynomial of III^(r) 

The singularity III^^{r) has codimension 4r+2. So, the partitions that we need 
to consider have weight 4r + 2. Moreover, all diagrams contain the partition 
(r + l,r + 1), have at most 4 rows and the length of the second row is at 
most r. Let D r denote the set of all such diagrams. By D r ,2, T) r ^andD r ^ we 
shall denote the subsets of D r , that consist of diagrams with 2,3 and 4 rows, 
respectively. 

Then, the part of T r corresponding to the partitions in 



Ills,. 



Set Tt . — Tv 

T> r ,4 is given by $4(7^-1) 
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The Thorn polynomial %. must satisfy the following system of equations: 
([35]) for i = 0, 1, 2, 3, 4, (J3BJ), fl3Z}, ®, ((511), gO]) together with the normalizing 
equation pp| . 

For a partition / G D r , we have 



2x ) 



=S , /(x-B r _i — 3x ) 



-i.v 



= 0. 



Hence Eqs. ()35[) for i = 0,1,2,3,4 are satisfied automatically by any linear 
combination of Schur functions indexed by partitions in D r . Moreover, Ea. (|36|) 
implies Ea. (|38p by the substitution 6 r _i 



Xi + x 2 



Hence we can replace the 
former set of equations by a smaller set of equations consisting of Eqs. : Q36p . 
([57]) . ([59")) , ([4*0"]) and ([4*6"]) . Note that in these equations, the alphabets we need 
to consider, are suitable for the factorization property Q associated with a pair 
of alphabets of cardinalities r + 1 and 2. 

In [26], we give an algorithm based on ACE (cf. [41]) which solves the 
latter system of equations. Using this algorithm, we get the (unique) T r for 
r = 2, ... ,8, expanded in the Schur function basis. In the next example, we 
give T r for r — 2, 3, and in Section[TT] we give 71, 

Example 40 We have 

T 2 = 45 37 + 165 46 + 285 55 

+ 205i45 + 65i36 + 75235 + 35244 
+ 25n35 + 35i234 + 65n44 + 52233 ! 



% = 85 4 ,io + 405 59 + 885 68 + 1205 77 
+ 125i49 + 525i58 + 1005i 67 
+ 145 248 + 50 5 25 7 + 20 5 266 
+ 15 5 3 47 + 10 5 356 + $4(T 2 ). 

In [3S], the author proposes a conjecture about the recursion for the coef- 
ficients in the Schur function expansion of T r . This recursion is checked for 
2 < r < 8, with the help of an algorithm in |26) . 



10 On the Thorn polynomial of h,^) 

SetT r :=r/ 2 ' 3 . The singularity 12,3(1") has codimension 4r+l. So, the partitions 
that we need to consider have weight 4r + 1. Moreover, all diagrams contain 
the partition (r + l,r + 1) and have at most 4 rows. Then, the part of %■ 
corresponding to the partitions with 4 rows is given by $4(7^-1). 

The Thorn polynomial T r must satisfy the following system of equations: 
(1551) for i = 0,1,2,3, (|3"o]) . ([55]) . (|3"9"]) together with the normalizing equation 
©. 

An algorithm analogous to the one in [53], allows us to get the (unique) 
solutions %■ of this system of equations for r = 1,...,7, expanded in Schur 
function basis. In the next example, we give T r for r — 1,2,3, and in Section 
IT21 we give 71, • ••,7 7 - 
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Example 41 We have 

T\ = 2Si22 + 4^235 



T 2 = 32536 + 245 45 + 245135 + 125i44 + 12S* 234 + 3S*333 + $ 4 (Tl) 5 



% = 2085 49 + 2085 58 + H25 67 
+ 1685148 + 1525157 + 565i66 
+ 1005 247 + 765 256 
+ 505 346 + 245 355 

+ 18 5 44 5 + * 4 (T 2 ). 

11 Appendix 1: % IIh "\ r = 4, . . . , 8 

Let %. = T/" 3 ' 3 . We have 

% = 1655,13 + 96S 6 ,i2 + 2565 7 ,n + 4165 8 ,io + 4965 9 , 9 
+ 245i, 5 ,i2 + 1285i,e,ii + 3045-1,7,10 + 4485i 89 
+ 285 2 ,5,ii + 1285 2 ,6,io + 264 5279 + 1005 28 8 

+ 3053,5,10 + 1125369 + 70 5378 

+ 3IS459 + 25 5 468 + IOS477 + * 4 (7i) ; 

T 5 = 32S 6 ,i6 + 2245 7 ,i5 + 704S 8 ,i4 + 13445 9 ,i 3 + 18245i ,i 2 + 20165n,n 
+ 4851,6,15 + 3045i,7,i4 + 8645i, 8 ,i3 + 15045i, 9 ,i 2 + 19045i,i ,n 
+ 565 2 ,6,i4 + 3125 2 ,7,i3 + 7845 2 ,8,i2 + 12325 2 ,9,ii + 4485 2 ,io,i 
+ 605 3 ,6,i3 + 2845 3 ,7,i2 + 6165 3 , 8 ,ii + 3645 3 , 9 ,io 
+ 6254,6,12 + 23854,7,n + 18254,8, 10 + 705499 
+ 635 5 ,6,n + 565 5 ,7,io + 35 5 589 + <$>a{Ta) ; 



1,10 



T 6 = 645 7 ,i9 + 5125 8 ,i8 + 18565 9 ,i 7 + 40965i ,ie + 63365n,i 5 + 76805i 2 ,i 4 + 81285i 3 ,i3 
+ 965i,7,i8 + 7045i, 8 ,i7 + 23365i, 9 ,i6 + 47365i,i ,i 5 + 68165i,n,i 4 + 78725i,i 2 ,i 3 
+ 1125 2 ,7,i7 + 7365 2 ,8,i6 + 21925 2 ,9,i5 + 40325 2 ,io,i4 + 53925 2 ,ii,i 2 + 19045 2 ,i2,i2 
+ 1205 3 ,7,i6 + 6885 3 ,8,i5 + 18005 3 ,9,i4 + 29765 3 ,io,i3 + 16805 3 ,n,i 2 
+ 1245 4 ,7,i5 + 6005 4 ,8,i4 + 13485 4 ,9,i3 + 9805 4 ,io,i2 + 3645 4 ,ii,n 
+ 1265 5 ,7,i4 + 4925 5 ,8,i3 + 4205 5 ,9,i2 + 2525 5 ,io,ii 
+ 1275 6 ,7,i3 + 1195 6 ,8,i2 + 915 6 , 9 ,ii + 355 6 ,io,io + $4(75) ; 
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T 7 = 128S 8 ,22 + 11525*9,21 + 4736Sio,2o + 119045n,i 9 + 20864S*i 2 ,i8 
+ 28032S'i3,i7 + 31616514,16 + 326405i 5 ,i 5 

+ 1925i, 8 ,2i + 160051,9,20 + 60 8051,10,19 + 141445i,n,i 8 + 231045i, 12 ,i 7 
+ 2937651,13,16 + 320645i,i4,is 

+ 22452,8,20 + 1696S 2 ,9,i9 + 58565 2 ,io,is + 124485 2 ,n,i 7 + 18848S 2 ,i2,i6 
+ 227525 2 ,i 3 ,i6 + 78725 , 2,i4,i4 

+ 24053,8,19 + 1616S 3 ,9,i8 + 49765 3 ,io,i7 + 95525 3 ,ii,i 6 + 133925 3 ,i2,i 5 + 72965 3 ,i 3 ,i4 
+ 2485 4 ,8,is + 14485 4 ,9,i7 + 38965 4 ,io,ie + 66965 4 ,ii,i 5 + 46565 4 ,i 2 ,i4 + 16805 4 ,i 3 ,i 3 
+ 25255,8,17 + 12365 5 , 9 ,i6 + 28445 B ,io,i5 + 23285 s ,n,i4 + 13445 5 ,i2,i 3 
+ 2545 6 ,8,i6 + 10025 6 ,9,i5 + 9125 6 ,io,i4 + 6725 6 ,n,i 3 + 2525 6 ,i 2 ,i2 
+ 2555 7 ,8,i5 + 2465 7 ,9,i4 + 2105 7 ,io,i3 + 1265 7 ,ii,i2 + $ 4 (T 6 ) ; 

75 = 2565 9 ,25 + 25605k,,24 + 117765n, 23 + 332805i 2 , 22 + 655365i 3 , 2 i + 977925i 4 , 2 o 
+ 1192965i5,i9 + 1285125i6,i8 + 1308165i 7 ,i7 

+ 3845i, 9 ,24 + 35 8 45i, 10,23 + 153605i,n, 22 + 404485i, 12,21 + 744965i,i 3 , 20 
+ 1049605i,i4,i9 + 1228805i, i5,i8 + 1295365i,i 6 ,i 7 

+ 4485 2 , 9 ,23 + 3840 5 2 ,io,22 + 15 1 04 5 2 ,ii,2i + 366085 2 , 12,20 + 625925 2 ,i 3 ,i9 

+ 832005 2 ,i4,i8 + 939525 2 ,i5,i7 + 320645 2 ,i 6 ,i6 

+ 48 5 3 ,9,22 + 37125 3 ,io,2i + 131845 3 ,ii, 2 o + 290565 3 ,i 2 ,i9 

+ 458885 3 ,i3,i8 + 5772853,14,17 + 306245 3 ,i 5 ,i6 

+ 4965 4 ,9,2o + 33925 4 ,io,20 + 106885 4 ,ii,i 9 + 211845 4 ,i2,i 8 

+ 308805 4 ,i3,i7 + 206885 4 ,i4,i6 + 72965 4 ,i 5 ,i5 

+ 5045 5 ,9,2o + 29765 5 ,io,i9 + 81605 s ,n,i8 + 144325 5 ,i 2 ,i7 + 113525 5 ,i 3 ,i 6 + 63365 6 ,i 4 ,i S 
+ 5085 6 ,9,i9 + 25125 6 ,io,i8 + 58725 6 ,n,i 7 + 51725 6 ,i 2 ,i6 + 36725 6 ,i 3 ,i5 + 13445 6 ,i4,i4 
+ 5105 7 ,9,i8 + 20245 7 ,io,i7 + 19145 7 ,i M6 + 15845 7 ,i 2 ,i 6 + 9245 7 ,i3,i4 
+ 5115 8 ,9,i7 + 5015 8 ,io,i6 + 4565 8 ,n,i5 + 3365 8 ,i 2 ,i4 + 1265 8 ,i 3 ,i3 + * 4 (7r) . 

12 Appendix 2: % h \ r = 4, . . . , 7 

Let T r = Tr 2 ' 3 ■ We have 

Ta = 12805 s ,i2 + 10245 7 ,io + 14085 6 ,n + 4805 89 
+ 10565i,5,n + 11205i,6,io + 7365i79 + 2405i 88 
+ 65652,5,io + 6565 2 69 + 36852 7 8 
+ 3605359 + 3285 3 68 + 1245 37 7 

+ 1805458 + 1345467 

+ 75 5557 + 36 5 56 6 +*4(7Ti); 
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% = 77445 6 ,is + 8832S 7 ,i4 + 716858,13 + 45445 9 ,i 2 + 19845i ,ii 

+ 64325-1,6,14 + 72325i,7,i3 + 56325i, 8 ,i 2 + 32325 , i, 9 ,n + 9925i,i ,io 

+ 40485 2 , 6 ,i3 + 4448S 2 ,7,i2 + 32645 2 , 8 ,ii + 16165 2 , 9 ,io 

+ 228053,6,12 + 241653,7,11 + 16325 3 , 8 ,io + 56053,9,9 

+ 120454,6,11 + 12085 4 ,7,io + 6925 48 9 

+ 6025 5 ,6,io + 54 2 5579 + 20 6 5 58 8 

+ 27 5669 + 20 1 5 6 78 + $4(74) ; 

T 6 = 465925 7 ,i8 + 538885 8 ,i7 + 458245 9 ,i 6 + 326405i ,i 5 + 192005n,i 4 + 80645i 2 ,i 3 

+ 3878451,7,17 + 4460851,8,16 + 372485i, 9 ,i 5 + 254085i, 10,14 + 135685i,n,i 3 + 40325i, 12,12 

+ 245125 2 ,7,i6 + 279365 2 ,8,i5 + 227205 2 ,9,i4 + 146245 2 ,io,i3 + 67845 2 ,ii,i 2 

+ 139205 3 ,7,i5 + 156325 3 ,8,i4 + 122565 3 , 9 ,i 3 + 73125 3 ,io,i2 + 23845 3 ,ii,n 

+ 74725 4 ,7,i4 + 82005 4 ,8,i3 + 61285 4 , 9 ,i2 + 31525 4 ,io,n 

+ 38645 5 ,7,i3 + 41005 5 ,8,i2 + 28125 6 , 9 ,n + 9805 s ,io,io 

+ 19325 6 ,7,i2 + 19245 6 ,8,n + 11085 6 , 9 ,io 

+ 90357,7,ii + 81357, 8 ,io + 3095 7 , 9 , 9 + $ 4 (T 5 ) ; 

T 7 = 2798085 8 ,2i + 3253765 9 ,2o + 2823685i ,i 9 + 2122245n,i 8 
+ 1405445i2,i7 + 791045i3,i6 + 325125i 4 ,i 5 

+ 2330885i, 8 ,2o + 2704645i, 9 ,i 9 + 2328325i,i ,is + 1713925i,n,i 7 

+ 1086725i,i2,i6 + 556805i,i3,i5 + 162565i, 14,14 

+ 1475205 2 ,8,i9 + 1705605 2 ,9,i8 + 1450885 2 ,io,i7 

+ 1038725 2 ,ii,i6 + 622725 2 ,i2,i5 + 278405 2 ,i3,i4 

+ 8400053,8,18 + 965445 3 ,9,i7 + 807365 3 ,io,i6 

+ 5577653,n,i5 +311365 3 ,i2,i4 + 985653,i 3 ,i3 

+ 453285 4 ,8,i7 + 516005 4 ,9,i6 + 421605 4 ,io,i5 + 278885 4 ,n,i4 + 135365 4 ,i 2 ,i3 
+ 236885 5 ,8,i6 + 265685 5 ,9,i 5 + 210805 5 ,io,i4 + 129285 6 ,ii,i 3 + 43045 5 ,i 2 ,i 2 
+ 121005 6 ,8,i5 + 132845 6 ,9,i4 + 100325 6 ,io,i 3 + 52325 6 ,n,i2 
+ 60505 7 ,8,i4 + 63885 7 ,9,i3 + 44005 7 ,io,i 2 + 15405 7 ,ii,ii 
+ 28985 8 ,8,i3 + 28865 8 ,9,i2 + 16625 8 ,io,n + $4(T 6 ) . 
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